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Abstract. We review the heuristic arguments suggesting that any thermal quantum field theory, which can be 
interpreted as a quantum statistical mechanics of (interacting) relativistic particles, obeys certain restrictions 
on its number of local degrees of freedom. As in the vacuum representation, these restrictions can be expressed 
by a 'nuclearity condition'. If a model satisfies this nuclearity condition, then the net of von Neumann algebras 
representing the local observables in the thermal representation has the split property. 



1. Introduction 

Haag and Swieca [HS] suggested that a quantum field theory, which allows a particle 
interpretation, should have specific phase-space properties in the vacuum sector. This idea 
motivated Buchholz and Wichmann [BW] to investigate the restrictions on the energy level 
density in the vacuum sector imposed by the existence of thermal equilibrium states. The 
result of their careful analysis is a 'nuclearity condition' which on one hand is satisfied in 
all models of physical relevance and on the other hand tightens up the axiomatic structure 
considerably. Numerous results in algebraic QFT (e.g., the existence of KMS states [BJ 
b], a local version of the Noether theorem [BDL], etc.) emerged from this refinement of 
the axiomatic structure. 

In this article we formulate a nuclearity condition for thermal field theories (TFTs) 
and investigate its consequences in the axiomatic framework. Thermal representations 
are always reducible. Therefore their structural properties are somehow complementary 
to the ones known from zero temperature quantum field theory. Nevertheless a number 
of basic physical properties like the Reeh-Schlieder property, the Schlieder property and 
the Borchers property hold; in fact, they can be established without taking recourse to 
results from the vacuum sector [Ja a,b]. What is known sofar concerning the statistical 
independence of local observables can be summarized as follows: 

Theorem 1.1. Assume a TFT is specified by a net 
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of von Neumann algebras, subject to the standard assumptions stated explicitly in the 
next section (see p. 6). Now let O, O denote a pair of space-time regions in Minkowski 
space such that the closure of the open (not necessarily bounded) region O is contained 
the interior of O. (This geometrical situation will be denoted by O CC O in the sequel.) 
It follows that 

(i) for every normal state qui on TZp(O) and every normal state uj 2 on TZp(0)' there 
exists a normal state oj on 13 (Hp) such that 

u\np(0)=ui and ^\n p {6y = ( 2 ) 

(ii) for every state (pi on TZp(O) and every state (p 2 on TZp(O)' there exists a state <j> on 
13 (Hp) such that 

<j>(AB) = <t>i(A)fo(B) (3) 
for all A G TZp(O) and all B e TZp(6)' . 

As usual, the Hermitian elements of 1Zp(0) are interpreted as the observables which can 
be measured at times and locations in O. 



Remark. As it turned out, the two statements (i) and (ii) are equivalent [FS]. As we will 
show in Section 5, there remain only two possibilities (see also [Bu] [Su] [FS]): 

(i) if there exists at least one normal state <fi on 13 (Hp), which is a product state for 
TZp(0) and 1Zp(0)', then there exist sufficiently many. More precisely, there exists, 
for any pair of normal states oji of TZp(0) and uj 2 of lZp(0)' ', a normal state uji j2 
on 13 (Hp), which is a normal extension of u>i and oj 2 and a product state for lZp(0) 
and lZp(0)'. The existence of these normal product states is equivalent to the 
existence of a type I factor Mp such that 

llp(0) a Np allp(6); (A) 

in this case the inclusion TZp(O) C lZp(0) is called split. (For a general discussion 
of split inclusions see [DL].) 

(ii) all normal partial states have normal extensions, none of which is a product state, 
and also all partial states have extensions to product states, none of which is normal. 



Just as in the vacuum sector, the missing piece of information in order to favour one of 
the two possibilities (i) or (ii) stated in the previous Remark is encoded in the phase-space 
properties of a given TFT: In Section 4 we prove that the split property (4) can be derived 
from an appropriate nuclearity condition, which we expect to be satisfied in all physically 
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relevant TFTs; thus we can rule out possibility (ii) for those theories. In Section 3 we 
give a self-contained, heuristic derivation of the nuclearity condition in the thermal sector, 
based on the work of several authors (see for instance [BW] [BD'AL b] [BY], etc.). Section 5 
exploits several equivalent formulations of the split property; whereas in the final section 
we list some of its implications. 



2. Preliminary Definitions and Results 

Let us briefly recall the standard setup: In the Araki-Haag-Kastler framework [H] a 
quantum field theory (QFT) is specified by a net 

O^A(0), CcR 4 , (5) 

of C*-algebras. A(0) represents the algebra generated by the observables which can be 
measured in the space-time region O. 



2.1. Representation Independent Properties 

The net O — > A(0) has certain properties irrespective of the (global) properties of the 
(inital) physical state under consideration: 

i. ) The net O — > A(0) is isotonous, i.e., there exists a unital embedding 

Aid) A(0 2 ) if O x c 2 . (6) 
Isotony allows us to consider the quasi-local algebra 

A:= U OcM ,A(0) C \ (7) 

which is defined as the C*-inductive limit of the local algebras. The elements of A are 
called quasi-local observables; they can be approximated in norm topology by strictly 
local elements; the total energy, total charge, etc., are considered to be unobservable; 
these quantities refer to infinitely extended regions and can not be controlled by local 
measurements. 

ii. ) Observables localized in spacelike separated space-time regions commute: 

A{O x ) c A c (0 2 ) if O x c 0' 2 . (8) 

Here O' denotes the spacelike complement of O and A c (0) denotes the set of operators 
in A which commute with all operators in A(0). 
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iii.) The space-time symmetry of Minkowski space manifests itself in the existence of a 
representation 

a: (A, x) I— > «a,i eAut(A), (A,x)eVl, ( 9 ) 

of the (orthochronous) Poincare group V\. Lorentz transformations A and space-time 
translations x act geometrically: 

<*a,x (A{0)) = A(AO + x) V(A, x)eV\. (10) 



Remark. Without loss of generality, we may assume that the space-time translations 
a:R 4 — > Aut(A) are strongly continuous. In this case the energy-momentum transfer of 
an element a G A has a representation independent meaning. One can define the Fourier 
transforms of the operator valued functions x i— > a x (a), a G A, in the sense of distributions: 
for each / G L 1 (R 4 , d 4 x) the expression 

af(a) := J d 4 x f(x)a x (a), a6i, (11) 

exists as a Bochner integral in A, since ||a/(a)|| < ||/||i|H|- The energy-momentum 
transfer of an element a G A is defined as the smallest closed subset C M 4 such that 

a f (a) = V/GL^R 4 ) with supp / cR 4 \0, (12) 

where / denotes the Fourier transform of / (cf. [BV]). 



Remark. For the present article we may restrict our attention to the (strongly contin- 
uous) one-parameter subgroup of time translations r:!R — > Aut(A). Of course, it acts 
geometrically, i.e., 

T t (A(0)) =A(0 + te) VteR. (13) 
Here e is a unit vector denoting the time direction with respect to a given Lorentz frame. 



2.2. Representation Dependent Properties 



The relevant states describing thermal equilibrium are distinguished within the set of all 
time invariant normalized, positive linear functionals of A by their stability properties 
with respect to timelike translations. They are conveniently characterised by the KMS 
condition [HHW] : 
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Definition. A state up over A is called a (r, /3)-KMS state for some (3 G R U {±00}, if 

cop(aTip(b)) = u)p(ba) (14) 

for all a, b in a norm dense, r-invariant *-subalgebra of A,-. (A T C A denotes the set of 
analytic elements for r.) 

Given a KMS state up, the GNS construction gives rise to a Hilbert space T^g and 
a representation np, called a thermal representation, of A. The algebra Hp := TTp(A)" 
possesses a cyclic (due to the GNS construction) and separating (due to the KMS condition) 
vector Vtp such that 

up(a) = (0/3 , np(a)Qp) Va G A. (15) 

Notation. The state vector fi^ induces a natural extension of up to B(Hp). By abuse of 
notation the same symbol, namely up, will be used to denote both the extension and the 
original state. 

A KMS state is time invariant. Therefore the one-parameter group of unitaries imple- 
menting the time translations r: R — > Aut(A) in the representation up is uniquely specified 
by putting 

e lH ^7rp(a)rip :=7ip(T t (a))np Va G A (16) 

Remark. In order to support our heuristic argumentation later on, let us assume, just for 
a moment, that the time evolution r is inner, i.e., r is generated by an element h of the 
C*-algebra A: 

Tt (a) = e iht ae- M Va G A. (17) 
It follows that the generator Hp can be identified as 

Hp = 7Tp(h) - JpTTp(h)Jp, (18) 

where Jp is be the modular conjugation associated with the pair (iZp, Qp). Note that even 
in this case Hp and np(h) differ from each other not only by the thermal expectation value 
of the energy up(h), but in the removal of an operator of Tip. If one withdraws the (spatial 
or /and momentum) cut-offs which are implicitly enforced by requiring that h G A, then 
the decomposition (18) of Hp is no longer possible. 

We will not require that spacelike translations can be unitarily implemented in the 
representation trp, since spatial translation invariance may be spontaneously broken in a 
KMS state. 



We could now continue to derive more specific properties of the net 

O^Up(O) :=np(A(0))" 



(19) 
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from first principles ' , but we rather prefer to conclude our outline of the general setting at 
this point; a more detailed description will be presented elsewhere. Instead we emphasize 
that in the rigorous part of this article, which starts in Section 4, we will exclusively rely 
on the following 



Standard Assumptions of Thermal Field Theory. A TFT is specified by a von Neu- 
mann algebra IZp with a cyclic and separating vector Qp together with a net of subalgebras 

o^n^(O), (20) 

which is subject to the following conditions: 

i.) the subalgebras associated with spacelike separated space-time regions 
commute, i.e., 

7^(01^7^(02)' if 0iC0 2 . (21) 



ii. ) the modular group t h- > A lt associated with the pair (Tip, Qp) coincides - 

up to rescaling — with the time evolution and therefore acts geometrically, 
i.e., 

e lH ^TZ p (0)e- iH ^ = Up(0 + te) V* e R, (22) 

Here e is the unit vector denoting the time direction w.r.t. the distin- 
guished rest frame and the modular operator Ap = exp(—(3Hp). 

iii. ) Tip is separable and Qp is the unique — up to a phase — time invariant 

vector in Tip. 

iv. ) 0/3 is cyclic for the local algebra lZp(0), where is an open subset of R 4 ; 

i-e-, 

Up{0)Qp = 7ip. (23) 

This property is called the Reeh-Schlieder property. 

Remark. The Reeh-Schlieder property follows from the relativistic KMS condition of 
Bros and Buchholz [BB] provided the net O — > TZp(O) satisfies additivity [Ja b]. As has 
been shown by Junglas [Ju] the Reeh-Schlieder property can as well be derived from the 
standard KMS condition, as long as up is locally normal w.r.t. the vacuum representation. 



For instance, if the KMS state uj is extremal and the time evolution is asymptotically abelian, i.e., 
linit^oo ||[a,Tt(6)||=0 for all a,bEA, then Q@ is the unique — up to a phase — time invariant vector in Tip. 
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3. The Nuclearity Condition in the Thermal Sector 

In quantum mechanics the number of states in a finite phase-space volume is finite (it 
is of the order phase-space volume /2irh). For QFTs the situation is — due to imperfect 
localization properties — more delicate. Here we claim that even for thermal field theories 
the set of normal states representing excitations which are 'well-localized in phase-space' 
is 'small' (although not finite dimensional). More precisely, we propose to use — for A > 
and O bounded — 

Sp(0, A) = {e'^AQp eHp-.Ae Kp(0), \\A\\ < 1} (24) 

as an appropriate set of (not normalized) state vectors describing excitations of the KMS 
state which are well localized both in momentum and coordinate space. (Recall that all 
normal states are vector states in a thermal representation. Therefore Sp(0, A) specifies a 
set of normal states.) It is the aim of the following two subsections to make precise what 
we mean by claiming that these normal states are well-localized in phase-space and in 
which sense Sp(0, A) is small. 



3.1. Excitations of a Thermal State 



A normal state will be called a strictly localized excitation of the KMS state, if it can not 
be distinguished from the thermal equilibrium by measurements in the spacelike comple- 
ment O' of O. Identifying state vectors and normal states, the strictly localized excitations 
can be described by the following set of vectors: 

Cp(0):={^ eHp:(^,B^)=up(B) \/B G 1Zp(0')} C Tip. (25) 

Strict localization is a rather cumbersome notion: in general, not even linear combinations 
of elements of Cp(0) will belong to Cp(0). This problem can be circumvented by relaxing 
the localization criterion: for extremal KMS states decent infrared properties of Hp — as 
specified in (30) below — ensure that we can as well use 

Sp{0) := {ASlp e Hp : A e Kp(0), \\A\\ < 1} (26) 

as a suitable set of state vectors with good localization properties in coordinate space. 
This argumentation is supported by the cluster theorem for KMS states presented below 
[Ja c]. 

Notation. The state vector AQp : A G lZp(0), induces a state ujp, specified by 

Since the KMS state distinguishes a restframe, there exists a distinguished time direction 
e = (1,0,0,0). Let e± = (0,r,s,t), r,s,t G K, ||ej_|| = 1, be a spatial vector w.r.t. the 
distinguished restframe. Finally, consider the double cone 

0:=(V + -\e)D(V- + \e), A G R + , (28) 

where the forward (resp. backward) light cone is V± = {x G K 4 : x° J ± |£|}. 
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Proposition 3.1. Let O be the double cone introduced in (28). Furthermore, let A G 
lZp(0), let 5 > be a real number and let B G 1Zp(0 + 5e±). Assume there exist positive 
constants m > and C(0) such that 



,-4IH« 



(A - up(A))Qp\\ < C{0)\- m \\A\ 



(29) 



It follows that (for S large compared to f3 and the diameter of O) the expectation values 
in the state ujp converge to the thermal expectation values as the spacelike distance 5 of 
the regions of O and O + 5e± increases: 



^(B)-up(B) 



< const. 5 



-2m 



\A\ 



\AClf 



\B\ 



(30) 



(The const. E R + is independent of 5, A and B.) 



Remark. Due to the Reeh-Schlieder property Sp(0) is dense in Tip. But in order to 
recognize the deviations from the thermal expectation values in the region + 5e± (whose 
spacelike distance to O — neglecting the diameter of O — may be only several times 
the thermal wavelength), it is necessary to increase the ratio between 'cost and effort' 
|| A\\/\\ AQp\\ on the r.h.s. of (30) or the sensitivity of the measurement, i.e., the norm 
of B G TZp(0 + 5e±). Thus the essential point in the definition of Sp(G) is that the 
requirement ||A|| < 1. It implies that a vector AQp, which describes an excitation that is 
not essentially localized in O, has a rather small norm. 

In order to specify normal states, which are also well- localized in momentum space, 
it is sufficient to restrict the energy transferred by the element A e TZp(O) onto the 
KMS state. (As we have pointed out the energy momentum transfer has a representation 
independent meaning.) This can be achieved by taking time averages 



— /■ 



dtf{ty H ^AQp = f(Hp)AQp, A G Kp(0), (31) 



with suitable testfunctions /(£), whose Fourier transforms f(v) decrease exponentially 
[BD'AL b]. A convenient choice is f(v) := e~ A|iy| with A > 0. We conclude that if A > 0, 
then the elements of 

Sp(Q, A) = {e- x ^ASlp eHp-.AeTZp, \\A\\ < 1} (32) 



induce vector states with good localization properties in coordinate and momentum space. 
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3.2. Finite Volume Gibbs States 



Let us, for simplicity, consider massive particles in a finite volume V in the grand canonical 
ensemble. The energy spectrum will then be discrete and the theory can be conveniently 
described in terms of energy eigenfunctions ^i in Fockspace Hp: 

H^t = E^i with Ei G K + U {0}. (33) 

Hjr > denotes the Hamilton operator acting on a dense domain in Tip. The grand 
canonical equilibrium state (at zero chemical potential) is described by a density matrix 

A 3 a h-> Tr ppTrjr(a). (34) 

Here Try? (a) denotes the Fock space representation of an element a G A. For a given 
inverse temperature j3 the grand canonical equilibrium state is unique, once the boundary 
conditions for the Hamiltonian Hjr are fixed. As long as the volume V of the 'box' is finite, 
it is reasonable to assume that e _/3Hjr is traceclass. In this case the Gibbs density matrix 
is just 

= Tre-zm^ P > °- ( 35 ) 

However, as the volume V of the box increases, the spacing of the eigenvalues decreases 
drastically. In the thermodynamic limit the spectrum of the Hamiltonian becomes con- 
tinuous and e _/3H:r can no longer be traceclass. In order to characterize the phase-space 
properties of an infinite system it is therefore necessary to look for more decent properties, 
which may survive the thermodynamic limit. We start with a rather general classification: 

Definition. A continuous linear mapping 6 from a Banach space £ to another Banach 
space T is said to be of type P, p > 0, if there exists a sequence of linear mappings 6fc of 
rank k such that 

oo 

^||e-e fc || p < oo. (36) 

k=0 

O is said to be nuclear, if © is of type V for p = 1. G is said to be of type s, if G is of 
type V for all p > 0. The order q of the map G is defined as the nonnegative number (if 
it exists) 

lnlnAT(e) 

g = bin sup w , 37 

e\o hil/e 

where N(e), the e-content of G, is the maximal number of elements Ei in the unit ball of 8 
such that \\&(Ei - E k ) \\ > e if % ^ k. 



Remark. The maps of fixed type form an ideal in the space of all bounded maps between 
Banach spaces [P]. 
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A delicate part of the argument concerns the relation between the Fock representation 
and the GNS representation induced by 

The GNS representation is unitarily equivalent to the representation itpy: a \— > 71^ ^ (a) := 
7Tj?r(a) <g) 1 constructed with the cyclic vector 

\y/pd = L== ^e-^/ 2 * 4 <g> G Wjr ® Wjr. (39) 

V e i 

One finds 

Jp,v n/3,v(a) Jpy = t<g>Tr?-(a) Va G A (40) 

Here Jpy denotes the modular conjugation associated with the pair (npy(A)", \y/pp~))- 
Corroborating the insights gotten from inner time evolutions (18) we conclude that in the 
representation irpy the time evolution is generated by 

Hjr <g> 1 - 1 <g) Hjr. (41) 

We can now estimate 



3.3. The Size of Sp(0, A) 



Let us consider the map 0y: 7Tpy(A(0)) — > Hp <g> TLp, 

A^exp(-\\Hjr®l-l®Hjr\^ (A®1) \yfpp). (42) 
A straight forward computation yields 

p-PEj/2 

Q V (A) = ^6-^-^1(^(8.1)-^=^ ® 



where 



1 y e -A|^-^|-^/2 (A ^ ^ s (43) 



^■^I^X^I^^il ( 44 ) 

is a rank 1 operator. Moreover, the sum in (43) is convergent for A > 0; thus Oy is a nuclear 
map; in fact since Oy is nuclear for all A > it is even an element of all Schatten-von 
Neumann classes, thus it is of type s (order 0). 
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As long as long-range correlations play no significant role ' , we may compare the theory 
in a large (compared to the spatial extension of the bounded space-time region O c R 4 ) 
but finite volume V with the infinite volume theory. Disregarding boundary effects, there 
should exist a similarity transformation (i.e., a bounded, invertible map) S from the finite 
volume Hilbert space 

%®% = W^FW (45) 

onto Hp such that 

e- x ^7rp(Ai(0))Qp C S -exp^-X^^l-l® (n^A^O)) <g> 1) |^), (46) 

where A\{0) denotes the unit ball in A(0). If this is the case, then the map 

<f> v :Trp{A(0))^Hr (47) 

specified by 

®v(A) =exp(-A|fTjr (8) 1-1(8)^1) S^e'^^AVtp, (48) 
is bounded by 1 if || A|| = 1. Hence — for O bounded — the map 0a, e>: itp{A(0)') — > Hp., 

A i— > e~ x \ Hf3 \ AVtp (49) 

which is obtained by composing exp^— \\Hjr <g> 1 — 1 <g> Hj?\J with the bounded maps <Ev 
and S, respectively, is of type s (order 0) too, for any A > and any (3 > 0. 



4. The Split Property in the Thermal Sector 

To summarize the previous section, we propose a nuclearity condition, which should be 
checked in models: for fixed [5 > and any bounded space-time region O C R 4 the maps 
Qx,o-np{0)^Hp 

A^ e ~ x \ H p\AQp (50) 

should be of type s (order 0) for any A > 0. This condition will now serve as the starting 
point for our derivation of the split property in the thermal sector. 

We start with a reformulation of this condition, which will be more convenient in the 
sequel. The following (simplified) Lemma is due to Buchholz, D'Antoni and Longo [BD'AL 
b]. For the sake of completeness we reproduce their proof, adjusting the notation such that 
it confirms with our conventions. 



If long-range correlations are not negligible, then boundary effects may spoil this part of our argument. 
But as long as Hp has decent infrared properties, the cluster theorem indicates that this should not be the case. 
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Lemma 4.1. If the maps ©a,c> are of order g = for aii A > 0, then the maps 

A^e- XH ?Attp, AeKp(0), (51) 
are of order q = for all < A < /3/2. 

Proof. Let A e TZp(O) and let P 1 * 1 denote the projections onto the (strictly) positive 
and negative spectrum of Hp, respectively. If the map Oa,o is of order 0, then the map 
A i— > e~ XH/3 P + AQp is also of order 0, since e~ XH/3 P + = P+e~ x \ Hf} \ . The modular group 
t i— > A lt associated with the pair (Tip, Clp) coincides, up to the rescaling t i— > — £/3, with 
the time evolution t i— > e ltH/3 . Taking advantage of the associated modular conjugation J 
we find: 

= JP + e-^/ 2 - A ) H M*0^, < A < (3/2 (52) 

Since J is bounded, this equality implies that the map A ^ p- e (W 2 - A ) ff Mn^ is, for 
< A < (3/2, of order 0, too. The maps of order form a linear space. It follows that the 
maps A i — > e _AH/3 AO ( 3 are of order for the given range of A. □ 

Given an inclusion CC of two space-time regions, our task is to show that the 
von Neumann algebra generated by lZp(0) and TZp(O)' is isomorphic to the W*-tensor 
product of the two algebras, i.e., 

Kp(0) V Kp(6)' ^Kp{0)®Kp{6)'. (53) 

We will show later on that the split property (4) is a direct consequence of (53). The first 
step is to insert two bounded space-time regions Oi, 2 in between and such that 

CC Oi CC 2 CC 0. (54) 

Following Buchholz and Wichmann [BW], we consider two representations of 

Cp(O u 2 ) := 7^(01)0 7^(02)', (55) 

the algebraic tensor product of Hp{0\) and Hp(0 2 )': the first one acts on Hp and is given 
by 

n^AkQBk") =J2 A kB k for A k e 1lp{0\), B k e1Zp(0 2 )'. (56) 
k k 

The operators in Hp{0\) and TZp(0 2 )' commute, so 7r defines a ^representation of the 
algebraic tensor product. The second representation, denoted by ir p , acts on Tip ®TCp and 
is determined by 

K P (Y. AkQBk )=H Ak ® Bk for 4 fc e 7^(01), B k eKp{0 2 )'. (57) 



NUCLEARITY AND SPLIT FOR THERMAL QUANTUM FIELD THEORIES 



13 



As recently shown by the author [Ja a], the Schlieder property holds for the pair Hp(0\) 
and Kp(0 2 )'; i.e., 

AB = =>■ A = or B = MA e 1Zp(0{), Be^(0 2 )'. (58) 
It follows that Tx p is well defined: J2k ^-k & B k = =>- J2k A-k® B k = 0. 

The next step is to show that the representations 7r and n p of Cp(Oi,0 2 ) are not 
disjoint. This follows — up to minor adjustments — from a result of Buchholz and Yng- 
vason [BuY]: 

Proposition 4.2. Let 0\ be a bounded space-time region and assume there exists some 
5 > such that Ox+teC 2 for all \t\ < 5. Let Kp(0 2 )'* denote the predual ofKp{0 2 )'. 
It follows that the map Ep^:Tlp(Oi) — > TZpiO^'^ given by 

A i-> (Qp , A . fig) (59) 

is nuclear. 



Proof. Let A e Hp{O x ) and B e Kp(0 2 )' . The function 

z h-> {VLp , Be izH ?AVLp) (60) 
is analytic in the strip < < [3/2, while the function 

z i-> (e izH ^A*flp , BQp) (61) 

is analytic in the strip — (3/2 < Qz < 0. Both functions are bounded and have continuous 
boundary values for Qz \ and Qz S 0, respectively. Locality implies 

lim (Sip, Be izH/3 AQp) = lim (e izH "A*flp , BQp) V|*| < 5. (62) 

Applying the Edge-of-the- Wedge Theorem [SW] we conclude that there exists a function 

/a,b:G*-<D, (63) 
analytic on the doubly cut strip Gs = {z G (D : < (3/2}\{t G 1R : |t| > 5} such that 

"• B ^ \(e"">A'{l p ,B(l p )j \ -/J/2 Oar < 0. / 

The absolute value of at the origin can be estimated from the values f a,b takes at 
the boundaries: 

\(np,BAQp)\ < inf (sup|/ A , B (t±z0)| 1 " fc -sup|/ AB (t + zA)| l ■ sup\f A , B (t - iX)^) 
o<a</3/2 V | t |><5 ten ten > 

< inf fllfigll 2 • IUII llSllV k x 

0<A</3/2\ H / 

/ \ fc / 2 

x (\\Qp\\ 2 • ||S|| 2 • ||e- AH Mfi^|| • ||e- A ^y4*fi^||J (65) 
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where k = ^ arctan^2 sinh I^Q . Taking the supremum over the unit ball for B G H^iO^)' 
and putting A = /3/4 we obtain, for ||A|| < 1, 

||S^(A±A*)|| < const- \\e-% H e(A±A*)Q4i arct&n ( 2ainh ^). (66) 

By assumption, ©a,Oi is of order q = 0, thus (66) implies that E* j( g is of order q* = 0, too 
[BD'AL b][BY]. Since the real linear maps A i— > [A ± A*) are bounded, we conclude that 
H^* is nuclear. □ 



Corollary 4.3. There exist non-trivial subrepresentations ifofn and tt p of n p , respectively, 
which are unitarily equivalent. 



Proof. As noted in [BD'AL a], the nuclearity of the map S^* simply means that there 
exist sequences (pi G lZp{Oi)^ and ipi G 'R.piO'i)'^ with \\<t>i\\ W^iW < 00 such that 

^^(A0%) = ^^(^(B) VA e 7^(00, BeKf,(0 2 y. (67) 

i 

As an absolutely convergent sum of normal functionals 

ipi( ■ ):C(Oi, 2 ) — > (D (68) 

i 

itself is, w.r.t. the representation 7r p , a normal^ functional on the algebraic tensor prod- 
uct Cp(Oi, O2). Now the algebraic tensor product is weakly dense in the VF*-tensor prod- 
uct. It follows that the functional (Qp ,tt( allows a unique continuous extension to 
a normal state on the VF*-tensor product lZp{0\) <g> V.^iO'i) 1 ', which will be denoted 

==X)0i(-)®V'i(-)- (69) 

i 

Consequently, the representations n and n p can not be disjoint. □ 



Theorem 4.4. Let it and tt p be two arbitrary subrepresentations of n and n p ; respectively. 
It follows that 

(i) the restrictions of ir and n to Cp(0 : O) are unitarily equivalent; 

(ii) the restrictions of n p and n p to Cp(0, O) are unitarily equivalent. 

^ A linear functional on TZp (O^QlZp (O2)' is said to be normal relative to tt p , if it is continuous with respect 
to the ultra- weak topology determined by ir p . 
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Combining this theorem with Corollary 3.3 we arrive at 
Theorem 4.5. The restrictions of tt and ir p to Cp(0, O) are unitarily equivalent. 

In order to prove (i) of Theorem 4.4, we need the following 

Lemma 4.6. Let E denote the projection onto the subspace JCp C Tip reducing n to n. 
It follows that flp is cyclic for ir(Cp{0, O))" and Eflp is separating for n[Cp(0, 6))" . 

Proof. Since O C R 4 is by assumption open and lZp(0) C n(Cp(0, O))" , the first part 
of the statement is a direct consequence of the Reeh-Schlieder property. The second part 
can be seen as follows: From the inclusions 

O cc O x cc C> 2 cc 6 (70) 

it follows that 

ir(Cp{0, 6))' n -K{Cp{O u o 2 )) d np{0)' n Hp{p x ). (7i) 

By the Reeh-Schlieder theorem Vtp is cyclic for lZp(0)' nlZp(Oi), since by assumption the 
closure of the open and bounded region O lies inside the interior of the region 0\. Thus 
Qp is separating for 

n(Cp(0,6))"v Tt(Cp{O u 2 ))'. (72) 
By definition, the subspace K.p := EHp and its orthogonal complement JCp are invari- 
ant under the action of it(Cp{Oi,02))- By standard arguments it follows that E e 
n(Cp(0 1 ,0 2 ))'. Hence, if ZEQp = for some projection^ Z G n(Cp(0, 6))", then (72) 
implies ZE = 0. Because of locality 

[ e iH P*Ze- iH ^, E]=0 Vt G U, (73) 

where U denotes some open neighborhood of the origin in R. Since Tr(Cp(0 1 ,0 2 )) C Tip 
the thermal version [J a a] of a classical Lemma by Borchers [Bo] applies and yields 

Ee iH t z _ q vt G R. (74) 

By assumption, Vtp is the unique — up to a phase — normalized eigenvector for the only 
discrete eigenvalue {0} of Hp, thus 

0= lim -L / dt(np,Ee itH ?Znp) 

= (Qp , EQp)(Qp , ZQp) = \\EQpf \\ZQpf. (75) 

By definition, Eflp ^ 0, thus (75) implies Zflp = 0. flp is separating for n{Cp{0,0)^'\ 
thus Z = 0. This proves that the vector Eflp is separating for ir(Cp(0, O))" • □ 

^ Given an arbitray element C {C p (0 ,0))" one can use the spectral decomposition of C* C in order to 
reduce the general case to the case of projections: With C* C also the spectral projections of C* C belong to 
tv(C (O,6))"; and obviously C*C=0 implies C*=0. 
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Corollary 4.7. Let E denote the projection onto the subspace JCp C Hp reducing n to tt. 
It follows that E G n(C f3 (0 1 ,0 2 )) can be represented in the form 

E = VV\ where V G n(Cp(0, 6))' (76) 
is an isometry, i.e., V*V = 1. 

Proof, Vtp is cyclic for n(Cp(0, 0)~)" and in addition has the property that EVtp is sepa- 
rating for 7r(Cp(0,0))" . It follows that (EVtp, .EVtp) defines a faithful normal state on 

n(Cp(0,0)) . Moreover, ir(Cp(0, O)) has a cyclic and separating vector, namely Vtp. 
We conclude (see e.g. [Sa, 2.7.9] or [BR, 2.5.31]) that there exists another vector \1/ G Hp, 
cyclic and separating for 7r(Cp(0, O))" ', which satisfies 

(*,7r(C*C)*) = (EQp,7T(C*C)Eflp) VCeCp(0,6). (77) 

Taking into account the properties of Vtp and \& and 

E E Tr(Cp(0 1 ,0 2 ))' C Tr(Cp(0,6))' (78) 

it follows that 

Vtv(C)^ = Tr{C)Eflp for C E Cp{0, 6) (79) 

defines an isometry V with the desired properties. □ 

Remark. The isometry V : Hp — > JCp satisfies V*V = ln and VV* = It therefore 

establishes the unitary equivalence between the restrictions of n and n to Cp{0, O). 

The proof of part (ii) of Theorem 3.4 follows the same line of arguments: We show 
that Vtp ® Vtp G Hp <E> Hp is cyclic for ir p (Cp(0,0)) and in addition has the property 

that E p (Vtp £g> Vtp) is separating for ir p (Cp(0, O))" , where E p denotes the projection onto 
the subspace K, p C Hp <g> Hp reducing ir p to n p . In order to do so, we adapt the classical 
lemma of Borchers cited above to the tensor product representation. 

Lemma 4.8. Let P G IZp <g> 13 (Hp) and let Q G B(Hp) <8> Hp be a (self-adjoint) projection 
operator such that 

QP = and [U p (t)QU p (-t) , P) = V|*| < S, (80) 

where U p : R -»• B(Hp) <S> B(Hp) is given by t i-> e itH e ® e itH e and 5 > 0. It follows that 

(Vtp <g> , QU p (t)P(Vtp ® O^)) =0 Vt G R. (81) 
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Proof. Due to the KMS relation, the function 

f+(z) := ((1 <g> e-" H ")Q* ® 0^) , (e^ ® l)P(0^ ® fy)) (82) 

is analytic in the strip 5(0, (3/2) := {z G (C : < < (3/2}, while the function 

f~(z):= ([e i * H f>®l)P*(n f} ®n l3 ), (1 ®e~ izH e )Q (O^ ® O^) ) (83) 

is analytic in the strip S(— (3/2,0) := {z G (D : —(3/2 < Qz < 0}. Both functions are 
bounded and have continuous boundary values for Qz \ and Qz S 0, respectively. Now 
(80) implies 



lim Q ( (1 <g> e"*^ ) Q* <g> fyj) , (e 12 ^ ® l) P (fi^ ® fi^) ) 

= (fy <g> , QU p (Jkz)P(VLf3 <g> fyg)) = (fy <g> , Pt/ P (-^)Q(^ <g> fyg)) 
= Ji^^e 12 "^ ®1)P*(0^®0^) , (l^e-^^Q* (fy <g> fy)) V|3&| < 5. (84) 

Using the Edge-of-the- Wedge Theorem one concludes that there exists a function 

f P , Q :G 5 ^V (85) 
which is analytic on the doubly cut strip 

G s = {z G (D : -(3/2 <%z< 13/2} \ {z G (D : 3z = 0, > 5} (86) 

and satisfies 

= { r{z) ) <« { _ m < 9z < o. } < 87 > 

By assumption QP = 0, hence /p,q(0) = 0. According to Lagrange's theorem /p ; q 
vanishes identically, if is a zero of infinite order. This follows from the original arguments 
of Borchers: set 

tf'-=^ 2 G N, j = {l,...,n}, (88) 
and Q(tf) := U p (tf)QU p (-tf). It follows that 

[P,U p {t)Q(tf)...Q(t$)U p {-t)\=0 V|f|<<5/2. (89) 
The functions /+ (i) : 5(0, /3/2) - (D, 

((l^e-^jg*^)...^*^ )^®^), (e 12 ^ 01)^(0^^0^)) (90) 
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and/" (O :S(-0/2,O)-<D, 

z ^ ((e" H f>®l)p*(Q l3 ®n0), (l®e- izH e)Q(t { * ) )...Q(tW)(n f3 ®{l /3 )^ (91) 

are bounded, analytic in the interior of their domains and continuous at the boundary. 
The boundary values for ^sz \ resp. & / coincide for < 5/2. Applying the 
Edge-of-the- Wedge Theorem [SW] one concludes that the functions defined in (90) and 
(91) are the restrictions to the upper (resp. lower) half of the doubly cut strip Q S / 2 of a 
function 



4-\i) 



for 



< 32 < 0/2, 
-13/2 < %z < 0, 



(92) 



defined and analytic for z G {?<W2- The function f m) (») has continuous boundary values 
for z — > uniformly bounded by one: For example, 



sup/ t ( tW (s + 0/2) < {l®Je-% H 0)Q*(t?)...Q*(t$)(nf}®Sl0) 

si II! 1 



X 



X 



(Je~ 



1^ 



(93) 



Note that P = P* implies 

= ^(p/ 1 ))*^ ® Pf ^ = P^ ® fy). (94) 



The same argument applies to the first term on the r.h.s. in (93). Moreover, ||f2/j|| = 1, 
||P|| = 1, HQ! = 1, and ||t/ p (s)|| = 1 for all s G R. By an application of the maximum 
modulus principle we obtain 



|/ t (0 4 C») (^)| < 1 G £5/2. 

By assumption QP = 0, hence 



(i) Ai) 



(-f )=0. 



(95) 



(96) 



We conclude that inside the circle \z\ < 5/2 each of the functions / « a) possesses n 



zeros for pairwise different values of t\ . Thus all of the functions 



9 f d) Ai)(z) 



fji) Ai){z) 



zGN, j = {l,...,n}, 



(97) 
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are analytic in the open disc D$/ 2 of radius 8/2 and centered at the origin. Note that by 

definition D s/2 C Gs/2- 
consequently, for % > 1, 



(i) 

definition -0,5/2 C Gs/2- Yet the number of zeros does not change in the limit tj — > and 



\f t (i) t (i)(w)\ /4 N n 

9 t W M z ) < SU P * 7'" (o, — ( A ) VzGD tf/2 . (98) 



In the last inequality we used |iu + > — \tj\\ and = 5/2 together with 
\tf | < 5/4 for i > 1. Hence, 

- 4\ n 



(^) i < (j) n i z + *5° i - c ° nst ■ ^ n v * g d */2- (") 



Because of Q 2 = <5, fo,...,o coincides with /p,q. The group £ h- > C/p(t) is strongly continuous, 
thus 

\f t d) f (.)W-/o,...,oWhO for ^-O, j = l,...,n, (100) 
uniformly in z G Gs/2- Hence is a zero of n-th order: 

\fp, Q (z)\ < const • \z\ n Vz G D 5/2 . (101) 
Since n G N was arbitrary, we conclude that fp^Q vanishes identically. □ 



Lemma 4.9. The vector Qp^Qp G Hp®Hp is cyclic for n p (Cp (0,0))" and E p (Vtp®Vtp) 

is separating for ir p (Cp(0, O))" , where E p G n p (Cp(Oi, 2 ))' denotes the projection onto 
the subspace K. p C Hp <S> Hp reducing % p . 

Proof. By the Reeh-Schlieder theorem Qp ® Qp is cyclic for 

TZp(0)' <g) TLp(6) C 7r p (Cp(0, 6))". (102) 

By assumption 

O CC £>i cc C 2 cc 0. (103) 
It follows from the general theory of intersections of VF*-tensor products [Ta] that 

Tr p (Cp(0,6))' DTr^Cp^Oi))" D (jlp(0) ®1lp(6)'') > 'n (^(Oi) <8>^(0 2 )') 

= (^(O)' n ^(d)) ® (7^(0) n ^(O a )') 

d (^(0') n^(Ox)) ® (7^(0) n^(G 2 )). (104) 
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By assumption, both 

O'nOi and dno' 2 (105) 

contain open subsets. Thus, due to the Reeh-Schlieder property, Qp <8> Qp is cyclic for 
7T p (Cp(0, O))' Pi n p (Cp(Oi, O2))" and therefore separating for 

7T p (Cp(0, £>))" V 7T p (Cp(0 U 2 ))'. (106) 

Now let Z p e n p (Cp(0, 6))" = Kp{0) <8> Kp{6)' be some projection such that 

Z p Ep(np®VLp) =0. (107) 

Since E p e Tr p (Cp(O u 2 ))' , it follows that Z p E p e n p (Cp(0, &))" V TT p (Cp{O u 2 ))' and 
consequently Z p E p = 0. Moreover, 

[Up{i)ZpUp{-t),Ep] =0 Vt G W, (108) 

where W denotes some open neighborhood of the origin in M. According to Lemma 4.8 
Z p E p = now implies 

(V^®^, ZpUp{t)E p {Slp® n^j=o VteR. (109) 

Now ® is the unique — up to a phase — normalized, invariant eigenvector for the 
one-parameter group t 1— > U p (t). Thus, by the same argument as in the proof of Lemma 3.6, 

E p (flp^Qp) ^ 0=^ Z p (VLp®VLp) = 0, (110) 
which is only possible if Z v = 0. It follows that the vector E p {flp <g> O^) is separating 

for 7^(0,6))". □ 

Corollary 4.10. Let E p denote the projection onto the subspace K p C Hp <S> Tip reduc- 
ing tip to Tip. It follows that E p e n p (Cp(Oi, O2))' can be represented in the form 

Ep = V p V p \ where V p e ir P {Cp{0, 6))' (111) 
is an isometry, i.e., V*V P = ln p <sn p and V P V* = \ Kv . 

The proof of this result is — up to notation — identical with the proof of Corollary 3.7, 
therefore we do not repeat the argument. 



We summarize our result in the following 
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Theorem 4.11. Assume a TFT is specified by a net 

O^Kp(0), OCR 4 , (112) 

of von Neumann algebras, subject to the standard assumptions stated explicitly on p. 6. 
Furthermore assume that for any bounded space-time region O the maps Q\,o- Tlp(0) — > 
ftp, 

A^e'^^AQp, (113) 

are of type s (order 0) for any A > 0. It follows that for any inclusion of open bounded 
space-time regions OccO, there exists a type I factor Mp{0, O) such that 

Kp(0)cMp(o,6)ciip(6), (ii4) 

provided the closure of O is contained in the interior of O. 



Proof. Theorem 4.5 ensures that there exists a unitary operator W mapping Tip onto 
T~Cp <8> 7~t/3 such that 

WABW~ 1 = A®B (115) 

for all A e lipid) and all B G Tlp{0 2 )' . Set Up := W*(B(Hp) ® t)W . Clearly Mp is a 
type I factor and since there holds the trivial inclusion 

W-ifllpiO)®!^ c W^^BiHp)®!) W c ^- 1 (l®^ /3 (C 2 ))H / y, (116) 

we arrive at (114). □ 



5. Equivalent Formulations of the Split Property 

We start with the following 

Theorem 5.1. Let O be a bounded space-time region such that the closure of O is 
contained in the interior of O. Then the following five conditions are equivalent: 

(i) (Split property). There exists a type I factor Mp such that 

np(0)dMpd iip{d). (117) 



(ii) (Existence of normal product state extensions for partial states). For any pair 
of normal states <pi of Tlp(O) and (p2 of Tlp(O)' there exists a normal state 
(^1,2 on B(Hp) which is an extension of <pi and <f>2 and a product state for the 
von Neumann algebras Tlp(O) and Hp(0)' . 
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(in) (Existence of a normal product state). There exists a normal state <fi on B(Hp) 
which is a product state for the von Neumann algebras TZp(O) and TZp(O)' . 

(iv) (Existence of a faithful normal product state extension of the KMS state). 
There exists a normal product state u p on TZp(O) V TZp(O)' such that 

u p (AB) = (Qp,AQp)(Qp,BQ p ) (118) 

for all A G 1Zp(0) and B G lZp(0)'. Moreover, uj p is faithful on the von 
Neumann algebra TZp(0) V Hp{6)' . 

(v) (Canonical cyclic and separating product vector). There exists a unique vector 
1] G Hp in the natural positive cone Vq (lZp{0) V IZp(O)') such that 

a. ) (77, ABn) = (ftp, AQ )(Qp, BVtp) for all A e TZp(O) and B G Kp(6)'. 

b. ) rj is cyclic and separating for 1Zp(0) V lZp{0)' . 

(vi) (Statistical independence). The von Neumann algebra generated by lZp(0) 

and Hp(Oy is isomorphic to the W*-tensor product of the two algebras. This 
means that there exists a unitary operator W: Hp — > Hp <g> Hp such that 

WABW* = A <g> B (119) 

for all A G 1Zp(0) and B G 1Zp(0)' and, hence, locality is reflected in an 
especially simple algebraic structure of the net O — > TZp(O). 



Proof, i) =3- ii) The KMS vector Vtp is cyclic and separating for 1Zp(0), lZp(0) and 
lZp(0)' fl 1Zp(0); and therefore this VF*-Split-inclusion is standard. Consequently, the 
underlying Hilbert space Hp is separable and infinite dimensional [DL, Prop. 1.6]: The 
KMS state is faithful w.r.t. IZp, Afp is countably decomposable, hence separable in the 
ultraweak topology (being of type I) . It follows that 

Hp=JTpJTp~ (120) 

is separable. All infinite type I factors with infinite commutant on a separable Hilbert 
space are unitarily equivalent to B(Hp) <E> 1 [KR, Ch. 9.3]. It follows that there exists a 
unitary operator W: Hp —> Hp <g> Hp such that 

Mp = W*(B(Hp) ®1)W. (121) 

The split property (117) implies 

WTZp(0)W* C B(Hp) (8)1 C WKp(6)W*, (122) 
and TZp(Oy D AfL D 1Zp{6)' . It follows that 



WKp(0)'W* d 1 <g> B{Hp) D WKp(d)'W*. 



(123) 
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Let 0i and (j) 2 denote two normal states over lZp(0) and IZpiO) 1 ', respectively. Set 

0i, 2 :=(0i(E)02) W , (124) 

where W (C) := ^(WC^*) for all C G ^(C) V Hp{6)' . The state 0i, 2 is normal and 
satisfies 

</>i, 2 (AB) =MA)<h(B) ( 125 ) 
for all A G TZp(O) and P G 7^(0)'. 

(ii) =>- (iii) is trivial. 

(iii) =>- (iv) Let , Ci, C2 and C3 denote space-time regions such that 

O + te C Co CC 0i CC 02 CC £>3 + te C 6 for |£| < 5/3. (126) 

From (iii) we conclude that there exists a normal product state <p f° r the pair TZp(Oi) 
and V.piO-j)' . Moreover, 'fcg(C'i) V 1Zp{0 2 )' has a cyclic and separating vector, namely 
Qp. It follows (see [BR, 2.5.31]) that there exists a vector £ G W/3 such that 

0(C) = (£, Cf) VC G ^(OO V ^(0 2 )'. (127) 

The following argument is due to Buchholz [Bu]: Let Pi, P 2 be the projections onto the 
closed subspaces lZp(Oi)£ and TZp{0 2 )'^ of Hp. It is obvious that Pi G 1Zp{Oi)' and 
P2 G 1Zp(0 2 ). From the factorization property of | it follows that 

P 1 BP 1 = (£,b£)-P 1 VBeKp(0 2 )' (128) 

and 

P 2 AP 2 = (£,A£).P 2 VAg^(Oi). (129) 

Therefore the state 



(p 1 np,.p 1 n p ) 

|Plfi/3 

is again a product state for TZp{0\) and TZp(0 2 )'. Now assume 



wi(A*A) = for A G 1Zp(0 ). (131) 

The KMS vector is separating for Kp(0 ) V Kp{0{)' , thus 

APiO^ = =>■ APi = 0. (132) 

The Schlieder property for TZp(0 ) and 1Zp(Oi)' implies A = or Pi = 0. We conclude 
that ui is faithful for TZp(O a ). It follows (see [BR, 2.5.31]) that there exists a vector £1 G 
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Hp, cyclic and separating for 1Zp(0 ), which represents the restriction of u>\ to 1Zp(0 ). 
Consequently, we can construct in a canonical way an isometric operator U\ G lZp(0\)': 

U ^ : = A • TTUTTu for AeKp(0 ). (133) 

It is evident that the range of JJ\ equals P\Hp; thus 

UiUl = Pi and U*U! = 1. (134) 

From (134) and the relation P 1 BP 1 = (|, Bf) • Pi we get 

(A^i , UZBU^b) = (UiAfr , P 1 BP 1 U 1 A£ 1 ) 

= (i,Bi)(^,A*A^) (135) 

The cyclicity of £i w.r.t. TZp(0 ) implies 

t/^St/i = (|, S|) -1 for BG ft/?(0 2 )'- (136) 

Therefore the state 

wi(.) := (C/iH/3, .tfify) (137) 

is a product state for TZp(0 ) and 71/3(02)' and the restriction of cui to TZp(0 ) coincides 
with the restriction of the KMS state up to this algebra. If one carries through the whole 
construction once more starting with u\ instead of <p, then one gets a product state u p for 
1Zp(0 ) and 1Zp(0^)' which coincides with the vector state induced by ftp on each algebra 
separately. 

By a suitable smoothing procedure in the time variable we can now construct a faithful 
normal product state u>h for lZp(0) VlZp(0)' such that u>h coincides with the vector state 
induced by 0/3 on both algebras: Let x denote the vector in the natural positive cone 

v^(np(o )vjip(o 3 y) (iss) 

which induces u p on 1Zp{0 ) VHp(Oz)' (see once again [BR, 2.5.31]). It follows that there 
exists an isometry / which satisfies 

ITQp = T x , VTeKp(0 3 )'. (139) 

Thus I G np(0 3 ) and IVtp G V(e~ XH ( ) ) for all < A < (3/2. This property implies that 
for any non-zero operator C G 1Zp(0 ) V TZp(Os)' the set 

{t G R : Ce itH eittp ^ 0} (140) 

is dense in R. The details are as follows: assume there exists some interval ]ti,*2[ such 
that 

Ce itH emp = Q yte]t 1 ,t 2 [. (141) 
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The vector-valued function 

zt-+Ce izH f>mi3, 0<%z<f3/2, (142) 

is analytic in the strip < ^sz < f3/2 and continuous for ^sz \ 0. Thus (141) implies that 
the function defined in (142) vanishes identically. By assumption, fig is the unique — up 
to a phase — time invariant vector in Hp. Taking an appropriate mean over the real axis 
we find 

o = cn p -{n p ,m l3 ). (143) 

Now I G Kp(0 3 ), up is faithful for Kp(0 3 ) and flp is separating for Kp(0 ) V Kp(0 3 y. 
Therefore (143) implies C = in contradiction to the assumption that C is non-zero. 
Therefore the set (140) is dense in K. Now let h G Li(lR) be a smooth positive function 
with support ] — 5/3, 8/3[ and \\h\\i = 1. Locality together with (126) implies that 

,5/3 

n p {0)yn p {0)' 3C^u h {C)= / dth(t)( X , e^Ce^x) (144) 

J -5/3 

defines a product state for the pair TZp{0) and lZp(0)' '. In fact, 

,5/3 

Uh(AB) = / dth(t)(n p , e~ itH P Ae itH ^)[Q. p , e~ itH ^ Be itH ^p) 

J -8/3 

= (n p ,An f3 )(n f3 ,Bn (3 ), for Ae^(O), BeKp(6y. (145) 

Thus the restriction u p of Uh to the algebra 1Zp(0) V Tip (O)' is independent of h and 
coincides with the vector state induced by fi^ on both algebras. Moreover, combining 
(140) and (144) we conclude that oo p is faithful on TZp(0) V lipid)'. 

(iv) (v) From [BR, 2.5.31] we infer that there exists a unique vector r\ in the natural 
positive cone pf, ijlp{0) V Kp(6)') such that 

(7/, C77) = w p {C) eKp{0)VKp{6)'. (146) 

Moreover, u; p is faithful on lZp{0) V lZp(0)'. Thus 77 is cyclic and separating for lZp(0) V 

n (dy. 

(v) =>- (vi) Let W v be given by linear extension of 

W v ABr] = Attp <g> BVtp. (147) 

Because of (v) (b) W v is densely defined and isometric. Due to the Reeh-Schlieder property 
of the KMS vector fi^ the range of W v is dense in Hp® Hp too. Thus W v can be extended 
to a unitary operator W: Hp — > Hp <8> From (147) we infer 

WABW* = A(g) B (148) 

for all A G 7£/?(0) and 5 G 7^(0)'. 

vi) =>- i) This part has been provided in the proof of Theorem 4.11. □ 
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Remark. Property (vi) implies that the state u p specified in (iv) is uniquely fixed by the 
factorization property 

u p (AB) = (Qp , Atop) (tip , BQp), VA G Tlp(O), Be 7lp(6)' . (149) 



The split property has many interesting implications which will be discussed in our 
next paper; here we will only quote one more result of Buchholz [Bu]: 

Corollary 5.2. Assume the inclusion lZp(0) C 1Zp(0) is split and let O a and Ob denote 
two regions contained in O. If $ is an isomorphism which maps TZp(O a ) onto Tip (Ob), 
then $ can be implemented by a unitary operator U G Afp: 

®(A) = UAIJ- 1 . (150) 

Hence $ acts trivially on TZp(<D)' . 



Proof. Once the existence of a cyclic and separating product vector has been shown for 
Tlp(O) and TZp(0)', Buchholz's result follows by the original arguments. We present them 
here for completeness only. Let r\ de note the produc t vector specified in Theorem 5.1. v.) 
and Pi the projection onto Hp(0)rj C Hp. Clearly, lZp(0)n is invariant under the action 
of Hp. Thus we can consider the induced representation ivp 1 of Afp on TZp(0)rj. Since 
r\ G P\Hp, this representation is faithful and it is easy to verify that 

ir Pl {Up) = B{P 1 Hp). (151) 

Now 7rp 1 (lZp(O a )) C TTp 1 (Afp) and Tip 1 (flp(Ob)) C np 1 (Afp) both have a cyclic vector, 
namely P\Vtp G PfHp and a separating vector, namely i] G P{Hp. Hence every isomor- 
phism which maps np 1 (TZp(O a )) onto np 1 (fJZp(Ob)) is spatial [Di p. 222, Theorem 3]. Thus 
there exists a unitary operator U G np 1 (Afp) such that 

tt Pi o $(A) = Unp^U- 1 VA G Kp(O a ), (152) 

and from this relation the statement follows immediately. □ 



6. Some more Remarks 

Let r] denote the product vector constructed in Theorem 5.1. v.). The set 

Cp(0,6) :=np(0)n (153) 

is a convenient linear subset of the set of strictly localized thermal excitations Cp(0) 
defined in (25). In fact (see [BJ b]), 
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(i) £p(0, O) is a closed subspace of Hp; 

(ii) £p(0, O) is invariant under the action of 1Zp(0); 

(iii) The vectors of Cp(0,0) induce product states on lZp(0) V TZp(0)', which 
coincide with the vector state induced by the KMS vector Vtp on lZp(0)': if 
* G Cp(0,0), then 

, = , At>)(np , Bttp) (154) 

for all A G TLp(O) and B G ^((9)'. 

(iv) Cp(0, O) is complete in the following sense: to every normal state 4> on IZpiO) 
there exists a $ G £p(0, O) such that 

(® , A®) = c/>(A) (155) 

for all A G 7^(0). 

Property (iv) can be seen as follows: Since lZp(0) has a cyclic and separating vector, 
there exists a vector $ G which induces the given normal state <p on TZp(Q). Using the 
isomorphism specified in (119) we find that $ := W*(& <g> O p ) G Ha satisfies (155). 



It was noticed by Buchholz, D'Antoni and Longo that the split property imposes 
certain restrictions on the energy level density of excitations of the KMS state described 
by the state vectors of Sp(0, A) [BD'AL b]: 

Theorem 6.1. Consider a TFT, specified by a von Neumann algebra TZp with a cyclic 
and separating vector Qp and a net of subalgebras O — > TZp(O), subject to the conditions 
(i) and (ii) stated on p. 6. Assume the inclusion lZp(0) C lZp(0) is split. Then the maps 

A » e- XH ?Anp, (i5bj 
are compact for < A < (3/2. I.e., the set 

Sp(Q, A) := {e~ xlH ^Arip : A G TZp(G), \\A\\ < 1} (157) 
is relatively compact in the norm topology for all A > 0. 



Proof. The first statement is a consequence of [BD'AL b, Proposition 4.2.] and [BD'AL b, 
Lemma 3.1.i).]. The second statement follows from an arguments, which we have already 
reproduced in the proof of Lemma 4.1., and which is also due to Buchholz, D'Antoni and 
Longo. □ 
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Remark. As pointed out in [BD'AL b], it is clear that these limitations cannot be relaxed. 
Since 



the map 6a, o is not even compact for A = (3/2. 

Our nuclearity condition relies on decent infrared properties of the generator of the 
time evolution. Our arguments are less conclusive, if up describes a physical system at a 
critical point. But if the split property holds in the vacuum sector, then it holds also in 
the GNS representation associated with any thermal state which is locally normal w.r.t. 
the vacuum representation. Thus even at a critical point the maps ©a,o should at least be 
compact for < A < (3/2, as long as the corresponding KMS state is locally normal w.r.t. 
the vacuum representation. However, there is the possibility that infrared divergencies 
might destroy local normality (see e.g. [BJ a] [BR, Ex. 5.4.15]). Despite the general belief 
that in 3+1 space-time dimensinons all states of physical interest should be locally normal 
to each other, we can not rule out this possibility. 
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